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In this work, we explicate a new approach for eliminating renormalization scale and scheme (RSS)
dependence in physical observables. We develop this approach by matching RSS dependent observ-
ables to a theory which is independent of both these forms of dependencies. We term the fundamental
basis behind this approach as the Principle of Observable Effective Matching (POEM), which entails
matching of a scale and scheme dependent observable with the fully physical and dynamical scale
(PS) dependent theory at the tree and at higher loop orders at which RSS independence is guaran-
teed. This is aimed towards achieving a so-called “effective" RSS independent expressions, as the
resulting dynamical dependence is derived from a particular order in RSS dependent perturbation
theory and is sensitive to the matching scale. With this matching, we obtain an “Effective Physical
Observable (EPO)”, a finite-order RSS independent version of the RSS dependent observable. We
illustrate our approach with a study of the QCD cross section Re+e− which is demonstrated to
achieve scale and scheme independence utilizing the 3- and 4-loop order MS scheme expression in
perturbation theory via matching at both one-loop and two-loop orders for obtaining the EPO. At
the tree-loop matching, we find physical cutoff Λeff of the physical observable which is RSS inde-
pendent. With one-loop matching, we obtain an EPO prediction of 3
11
Reff
e+e− = 1.052738
+0.0006
−0.0006 and
3
11
Reff
e+e− = 1.052739
+0.0006
−0.0006 from 2-loop EPO matching at Q = 31.6GeV , which are both in excellent
agreement with the experimental value of 3
11
Rexp
e+e− = 1.0527
+0.005
−0.005. Given its new conceptual basis,
ease of use and performance, we contend that POEM be explored in its application for obtaining
EPOs for other physical observables across domains of high energy theory and phenomenology, as
well as other areas of fundamental and applied physics, such as cosmology, statistical and condensed
matter physics.
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I. INTRODUCTION
In perturbative Quantum Field Theory (QFT), infini-
ties are encountered in theoretical expressions of phys-
ical observables which require renormalization tech-
niques. Rendering finiteness to such quantities, such
as physical cross sections and decay rates introduces
renormalization scale and scheme (RSS) dependencies.
In contrast to such dependencies, it is surmised and
observed that at increasing order in the expansion of
a small expansion parameter, along with convergence
such dependencies would be reduced and the penulti-
mate expression to be have full dependence only on dy-
namical physical scales. The issue of RSS dependen-
cies are treated via the Principle of Minimal Sensitivity
[1,2]. Other approaches to reducing and/or eliminating
scheme dependence includes the approach of Effective
Charge [3], Renormalization Group (RG) summation
[4], RG summation with RS invariants [5-8], Complete
Renormalization Group Improvement (CORGI) [9,10]
and Principle of Maximal Confomality (PMC) [11,12].
In this work, we detail a new and alternate approach
towards achieving RSS independence, inspired by Ef-
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fective Field Theory (EFT) techniques. As such, it is
based on what we term as the “Principle of Observable
Effective Matching” (POEM) and our work is applicable
for achieving RSS independence only up to a fixed order
in perturbation theory, hence we use the term “effec-
tive” for the observable having only Physical Scale (PS)
dependence which is also the scale at which matching
occurs. We term the derived perturbative expression
as an “Effective Physical Observable (EPO)”, which im-
plies these caveats. The paper is outlined as follows: we
introduce POEM next and then work out the RSS in-
dependent QCD cross section Re+e− via POEM at the
tree, one- and two-loop matching with a RSS indepen-
dent scheme in the following sections.
II. THE PRINCIPLE OF OBSERVABLE
EFFECTIVE MATCHING (POEM)
Physical observables computed to all orders in per-
turbative QFT within various RSS approaches are ex-
pected to result in scale and scheme independence if
results at all orders are computed, and hence must be
the same in this limit. This is the starting point for
POEM which can be expressed as:
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Here O denotes perturbative contributions to a phys-
ical observable such as in a decay rate or a cross-section
computed in two schemes denoted by the superscript
i and j at some loop-order n and l respectively, while
a and m denote coupling and mass respective tied to
respective renormalization scales µi and µj . Q and m
denote dynamical PS. Eq. 1 can be further generalized
by including multiple schemes, couplings and masses
as well as factorization scales and momentum fractions.
This equation nevertheless implies that if O is computed
at a certain large limit of perturbation theory, this re-
sults in a RSS independent result with dependence only
on Q and M . While it is rather challenging to find ex-
pressions to all orders in perturbation theory, we con-
sider such to be a RSS independent theory or full theory
whereby all implicit and explicit renormalization scale
within any scheme cancels, and the equalization across
in eq. 1 implies an overall RSS independence leading to
an independent observable termed as Ofull dependent
only on scale independent coupling and mass, as well as
physical scales, Q and M .
While this equation holds for a theory computed at
all orders, for practical purposes, and as criteria to de-
rive an effective version of such an all-orders observable,
RSS independence holds true at the tree level when no
quantum corrections exist and this is also valid at the
some r-loop level at some PS (typically this is at one and
two loop level). With these two properties in mind, we
propose two conditions which can be applied to achieve
an effective RSS independence at an order-by-order ba-
sis for truncated expressions of a physical observable.
These are:
O(k)n (aeff (Λeff ),meff (Λeff ),Λeff , Q,M) (2)
= O
(tree)
eff
O(k)n (a
(k)
n (Q
∗),m(k)n (Q
∗), Q∗, Q,M) = (3)
O
(r)
eff (aeff (Q
∗),meff (Q∗), Q∗, Q,M)
Here, in equations 2 and 3, the k subscript denotes a
particular scheme for a truncated observable O at a loop
order n (for example theMS scheme) which is matched
at the tree and r-loop level with an effective version of
the fully PS dependent version Oeff , whereby r is typ-
ically either one-loop or two-loops level of perturbation
respectively. We know that for most cases RSS inde-
pendence is guaranteed at one-loop in eq. 3, however
observables may also hold this property at two-loops.
Here, Oeff is conceptualized in a finite-order pertur-
bative physical representation termed as the “Effective
Dynamical Observable” (EPO) which is truncated at
r-loop order in order to be consistent with RSS inde-
pendence, and is dependent only on a PS. Since it is
known that RSS independence is guaranteed trivially at
the tree and at higher r-loop levels at some PS, hence
this forms the basis of these equations. We can there-
fore achieve RSS independence by requiring in eq. 2,
a dynamical scheme independent cutoff scale at renor-
malization µ = Λeff for the physical observable in the
RSS dependent expression on the left hand side. As it is
dependent on dynamical scales, this RSS independent
cutoff scale is indeed distinct from renormalization cou-
pling and mass cutoffs , which are scheme dependent
(see [13] for analysis on RS dependence of the strong
coupling constant and its cutoff ΛQCD). Equation 3 de-
notes another RSS independence requirement whereby
matching is done at a PS Q∗ at r-loops (either at one- or
two-loops based on the physical observable), via an ef-
fective RSS independent dynamical coupling and mass
depending on PS, which are denoted as aeff and meff
respectively in both equations; though in the RSS de-
pendent expression these are computed at a truncated
order, n, thereby denoting the effective nature of these
RSS independence conditions. As such, eq. 2 and 3 al-
low for a practical realization of eq. 1 at finite order of
perturbation theory for our proposed implementation
of the POEM approach, and imply RSS independence
in the EPO to hold at a matching scale Q∗, explicitly
stated as:
∂O
(tree)
eff
∂µ
=
∂O
(tree)
eff
∂ci
=
∂O
(r)
eff
∂µ
=
∂O
(r)
eff
∂ci
= 0 (4)
where µ is the renormalization scale, while ci are renor-
malization scheme dependent RG coefficients.
We also remark that our approach is distinct from the
Effective charge approach [3], as in this method there is
matching done at one-loop and at a scale in which renor-
malization logarithms are set to zero, which only allows
renormalization scheme independence, while renormal-
ization scale dependence remains in resulting expres-
sions. Via POEM, and for deriving a resultant EPO,
the matching at the tree and at r-loop order at a PS, we
overcome these limitations, thereby achieving RSS in-
dependence simultaneously. Since POEM based results
are RSS independent, hence there are no “commensu-
rate scale relations” [14] as the observable is dynamical
with respect to physical scales, and hence no relative
scales exist for the EPO. We demonstrate these state-
ments concretely via the case of the QCD cross section
3ratio, Re+e− in the following section. After achieving
RSS invariance, there are no issue of renormalons [15,
16] encountered as well.
III. ATTAINING EFFECTIVE RSS
INDEPENDENCE: Re+e− MATCHING AT TREE
AND ONE-LOOP ORDER
The form of the cross section Re+e− is given by
3(
∑
i q
2
i )(1 + R) where R at n-loop order has a per-
turbative contribution of order an+1 in
R = Rpert =
∞∑
n=0
rna
n+1 =
∞∑
n=0
n∑
m=0
Tn,mL
man+1 (5)
with L ≡ b ln
(
µ
Q
)
, Q2 being the center of mass momen-
tum squared.
The explicit dependence of R on the renormalization
scale parameter µ is compensated for by implicit depen-
dence of the “running coupling” a(µ) on µ,
µ
∂a
∂µ
= β(a) = −ba2 (1 + ca+ c2a2 + . . .) . (6)
Hence, for five active flavors of quark, we have,
3
11
Re+e− = 1 +Rpert (7)
In the MS renormalization scheme [16] we have,
b = 23/12, c = 29/23, c2 = 9769/6624, (8)
c3 = 9.835917120
where the values of b and c are the same in any mass–
independent renormalization scheme while the values of
c2 and c3 in eqs. (8) are particular to the MS scheme.
Furthermore, we find in ref. [17,18] that in the MS
scheme
T0,0 = 1, T1,0 = 1.4097, T1,1 = 2
T2,0 = −12.76709, T2,1 = 8.1605391, T2,2 = 23/3
T3,0 = −80.0075, T3,1 = 56.589766, T3,2 = 1.4097
T3,3 = 529/18 (9)
At the Z-pole mass (MZ = 91.1876 GeV ), we have
[19] in the MS scheme, (with a(µ) defined by eq. (6)),
pi aMS(MZ) = 0.1179± 0.001. (10)
Utilizing eq. 2 and 3, we therefore find the following
POEM based relations:
3
11
RMSe+e−(aeff (Λeff ),Λeff ) = 1 +Rpert(aeff (Λeff ),Λeff )(11
=
3
11
Reffe+e− = 1
3
11
RMSe+e−(Q
∗, Q) = 1 +Rpert(Q∗, Q) (12)
=
3
11
Reffe+e−(Q
∗, Q) = 1 + a1Leff (Q
∗, Q)
From equation 11, at 3-loops in MS, we find
a3Leff (Λeff ) = 0.3404702, while for 4-loops, we obtain
a4Leff (Λeff ) = 0.2094525. Since at the tree level, no
quantum corrections are present, hence we have through
dimensional transformation, aeff (Λeff ) = Λeff at this
level of matching. Hence, for the EPO, Reffe+e− , we ob-
tain scheme independent cutoffs, Λ3Leff = 340.47MeV
and Λ4Leff = 209.45MeV at 3- and 4-loops respectively.
With equation 12, which is matching at the one-loop
level, we choose Q∗ = MZ = 91.1876GeV , for which
aMS = 0.1179pi [19] and find aeff (MZ , Q) as follows:
aeff (MZ , Q) = 0.0389 + 0.006 ln (MZ/Q)
+0.0019 (ln (MZ/Q))
2
+0.00042 (ln (MZ/Q))
3 (13)
Since for the EPO we absorb higher order-loop contri-
butions from a RSS dependent scheme at one-loop order
for RSS independence, hence, Reffe+e−(Q) is expressed as,
3
11
Reffe+e−(Q) = 1 + a
1L
eff (Q) (14)
where
a1Leff (Q) =
aeff (Q
∗, Q)
1− baeff (Q∗, Q) ln
(
Q∗
Q
) (15)
is a one-loop beta-function solution in the dynamical
EPO with an initial value set at a1Leff (µ0 = Q
∗) =
aeff (Q
∗, Q), which in our case is given by eq. 13.
Since we are at the one-loop matching, we find the
one-loop solution to aeff (Q) which leads to the pre-
diction of 311R
eff
e+e− = 1.052738
+0.0006
−0.0006 from eq. 12, at
Q = 31.6GeV , which is in excellent agreement with the
experimental value of of 311R
exp
e+e− = 1.0527
+0.005
−0.005 [20].
We plot the Q dependence of Reff at 1-loop matched
with 3- and 4-Loop MS in Figure 1, and find that
the former is lower than the latter. Also, the wide
spread of the perturbative QCD is notable for results
seen for renormalization scales, µ = MZ/2, µ = MZ
and µ = 2MZ which indicate high uncertainty due to
variation due to RSS dependence.
4Figure 1. The Q dependence of Renormalization Scale and
Scheme (RSS) independent Reff at 1-loop matched with
3- and 4-Loop MS and compared to 4-Loop Perturbative
QCD inMS scheme for Re+e− referenced at renormalization
scales, µ = MZ/2, µ = MZ and µ = 2MZ
IV. TWO-LOOP MATCHING
Utilizing eq. 4 at two-loop level, we find the following
scale and scheme independent POEM based relation:
3
11
RMSe+e−(Q
∗, Q) = 1 +Rpert(Q∗, Q)
=
3
11
Reffe+e−(Q
∗, Q) = 1 + a2Leff (Q
∗, Q) + T1,0a2Leff (Q
∗, Q)2
(16)
As before, we chooseQ∗ = MZ , and find aeff (MZ , Q)
as follows:
aeff (MZ , Q) = −0.3547± 7.0934 (3.04528× 10−3
+5.7864× 10−6 ln3
(
MZ
Q
)
+ 2.6799× 10−5 ln2
(
MZ
Q
)
+8.4120× 10−5 ln
(
MZ
Q
)
)1/2(17)
Since in the EPO, namely, Reffe+e− we absorb
higher order-loop contributions from a RSS dependent
scheme at one-loop order for RSS independence, hence,
Reffe+e−(Q) is expressed as
3
11
Reffe+e−(Q) = 1 + a
2L
eff (Q) + T1,0a
2L
eff (Q)
2 (18)
where
a2Leff (Q) =
1
cW
[
− exp
(
f
bc
)
+ 1
] (19)
where
f =
baeff (Q,Q
∗)
[
b ln
(
Q∗
Q
)
+ c ln(h)− c
]
− 1
caeff (Q,Q∗)
(20)
and
h =
b[caeff (Q,Q
∗) + 1]
aeff (Q,Q∗)
. (21)
Eqs. 19-21 represent an exact closed form solution
of the two-loop beta-function for the physical EPO,
which is expressed as a Lambert-W function. We utilize
the initial value set at aeff (µ0 = Q∗) = aeff (Q∗, Q),
which in our case is given by the positive root of eq.
17. At the two-loop EPO matching, we find that the
prediction is nearly the same as the one-loop EPO,
which is 311R
eff
e+e− = 1.052739
+0.0006
−0.0006 from eq. 18 at
Q = 31.6GeV , which is again in excellent agreement
with the experimental value of 311R
exp
e+e− = 1.0527
+0.005
−0.005
[21]. We plot the Q dependence of Reff at 2-loop
matching with 3- and 4-Loop MS in Figure 2 and find
the same trends as 1-loop matching. We show the be-
havior of RSS independent coupling aeff at 1- and 2-
Loop orders in Figure 3, which depict asymptotic free-
dom as is also seen in the EPO behavior in Figures 1
and 2.
In comparison with our findings, Akrami and Mir-
jalili [24] present perturbative QCD, RG summation
and RS invariants and CORGI approaches estimates of
R atQ = 31.6GeV to be 1.04617+0.0006−0.0006, 1.04711
+0.00003
−0.00005
and 1.04615+0.0015−0.0008 at 4-Loops respectively, which are
all underestimates as compared to the result derived
by POEM. This pattern holds for other experimental
measured values at Q = 42.5GeV and Q = 52.5GeV ,
which are 1.0554 ± 0.2 [21] and 1.0745 ± 0.11 [22] re-
spectively. With POEM we find 1.047444+0.0004−0.0004 and
1.044525+0.0004−0.0004. These predicted values are higher and
more accurate than those reported for perturbative
QCD, RG summation and RS invariants and CORGI
approaches in [24]. However, our predictions are not
close to the experimental values as it is based only on
photon interactions, and a higher accuracy is expected
when electroweak contributions arising from electron-
positron annihilation to Z boson are taken into account.
We will address this in a future work, which will also
additionally address other processes [25].
V. CONCLUSIONS
In this work, we have detailed a new approach for
achieving RSS independence via a principle termed as
5Figure 2. The Q dependence of Renormalization Scale and
Scheme (RSS) independent Reff at 2-loop matched with
3- and 4-Loop MS and compared to 4-Loop perturbative
QCD inMS scheme for Re+e− referenced at renormalization
scales, µ = MZ/2, µ = MZ and µ = 2MZ (dashed lines)
POEM, which is based on equivalence of physical ob-
servables across both scale and scheme dependencies
in their perturbative content under certain limits. In-
spired by EFT techniques, which involve matching at a
physical scale, this approach provides results termed as
EPO, which contain only physical scales at fixed order
of perturbation. Our approach is distinct from present
approaches, and we demonstrate that it provides ex-
cellent results for the QCD cross section ratio R. The
agreement with experiment than other comparable esti-
mates based on perturbative QCD, RG summation and
RS invariants and CORGI approaches [24]. In this work
we have only photon interactions, and hence better ac-
curacy for higher values of Q are expected once con-
tributions from electron-positron annihilation to the Z-
boson are also taken into account. We aim to study and
explicate POEM’s potential in these areas in upcom-
ing studies, and as a follow up will also address other
electroweak processes using POEM including Standard
Model Higgs decays and cross-sections [25]. Based on a
new conceptualization and achieving better results for
the cross section R, we contend that POEM is appli-
cable widely to achieve RSS Independence in physical
observables across the high energy physics domain in-
cluding both the Standard Model (SM), Beyond the SM
physics, along with areas such as cosmology, statistical
and condensed matter physics where RSS dependencies
are regularly encountered.
Figure 3. The Q dependence of Renormalization Scale and
Scheme (RSS) independent coupling aeff at 1- and 2-Loop
orders.
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